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1. Introduction 

The U.S. Army uses acoustic arrays to track and locate various sources including ground and 

airborne vehicles, small arms, mortars, and rockets. The tracking and locating algorithms often 

used with these acoustic arrays perform well when estimating the azimuth of acoustic sources, 

but their performance decreases when estimating elevation angles (1, 2). Array performance can 

be reduced by environmental factors like wind, temperature, terrain, and acoustic impedance of 

the ground (2). A paper by Williams et al. (3) demonstrated that two vertically separated 

microphones, one in contact with the ground, could be used to significantly increase the accuracy 

of the estimated elevation angle of a passing aircraft. To accomplish the increase in elevation 

accuracy, the authors incorporated the ground impedance, using the plane-wave reflection 

coefficient, into the signal model used in the time delay of arrival calculations. In a recent article, 

Kruse and Taherzadeh demonstrate that a vertical array of eight microphones can be used to 

estimate the position of an elevated source by incorporating the spherical wave reflection 

coefficient into the source model of their beamformer (4). This report presents elevation angle 

estimates computed by a generalization of the formulation presented in Williams et al. (2). 

The next section provides a description of the theoretical formulation used to determine elevation 

angle estimates. Section 3 describes experimental configurations used to measure ground 

parameter information and for verifying the theory developed in section 2. Experimental results 

and analysis are presented in section 4. Some concluding remarks are given in section 5.  

2. Theory 

Williams et al. described a simplified method for incorporating the plane-wave reflection 

coefficient into the signal model of an elevated moving source to improve the estimated 

elevation angle over traditional time delay of arrival estimates (2). They mention a signal at the 

ground,            , where s(t) is the direct signal reaching the microphone and D is a 

constant taking care of potential pressure doubling at the surface. At a microphone placed at a 

height h above the ground microphone, the signal is                          , where 

R(t) is the plane-wave reflection coefficient, τ1 is the delay between the direct wave reaching the 

bottom microphone and the top microphone, and τ2 is the delay between the ground-reflected 

wave at the top and bottom microphones (figure 1a). To obtain the transfer function between the 

two microphones, each time-domain signal is Fourier transformed and becomes 

 



 
 

 2 

                   

                                  (1) 

The frequency domain formulation of the plane-wave reflection coefficient is  

R(f) = (1–Zcos θ)/(1+Zcos θ), where Z is the normalized specific acoustic impedance of the 

ground and θ is the incident angle of the source (measured relative to the surface normal). Using 

equation 1, the frequency-domain signal at the top microphone is divided by the signal at the 

bottom microphone to yield the transfer function 
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where it is noted that         
 

 
     (see figure 1a) (2). Following Williams et al., the 

difference between the measured transfer function and equation 2 is minimized while 

constraining R to be between –1 and 1 for all frequencies and θ to be less than 90° (2). For the 

presentation here, D is fixed at 2. The minimization is accomplished using a grid search over the 

calculated transfer function. 

 

Figure. 1.  Microphone geometries used in generalizing the formulation of Williams et al. (a), 

Generalization 1 (b), Generalization 2 (c), and Generalization 3 (d). In sketches a and b, red 

represents the direct wave and green represents the ground reflected wave. Dashed arrows in c 

and d represent the images of the ground-reflected signals that reach each microphone. 
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Because typical deployed acoustic arrays rarely have ground-based microphones or pairs of 

microphones separated only in the vertical, the formulation described by Williams et al. must be 

generalized to include pairs of elevated microphones separated horizontally as well as vertically. 

This is done in three steps: (1) generalize by translating the bottom microphone horizontally 

away from the elevated microphone, (2) generalize by elevating both microphones, and  

(3) generalize by translating the elevated bottom microphone horizontally away from the top 

microphone (figures 1b through 1c, respectively). The three steps in following discussions are 

referred to as Generalization 1, Generalization 2, and Generalization 3, respectively.  

Generalizations 1 through 3 proceed similarly to the original formulation. However, for each 

generalization, it is noted that the delays between various arrivals (defined by the geometry of 

each generalization) change. As seen in figure 1b in the sketch of Generalization 1, τ1 and τ2 

become 
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Replacing τ1 and τ2 in equation 1 yields the transfer function for Generalization 1: 
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Equation 4 is used to estimate the elevation angle and the reflection coefficient under the same 

constraints as the previous geometry. 

For Generalization 2 (figure 1c), there is the added complication that the bottom microphone has 

a delayed ground reflected arrival, so the signals become (assuming time flow relative to the 

direct arrival at the bottom microphone) 

                         

                           . (5) 

It is observed in figure 1c that there are now three delays that can be determined geometrically: 
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Following the above procedures, the transfer function for Generalization 2 becomes 

      
    

 
  

     
 

    
      

  
     

 
    

       
   

   
 

    
. (7) 

To obtain the elevation angle and reflection coefficient using equation 7, the grid fit procedure is 

followed using the same constraints as in Williams et al. 

For Generalization 3 (figure 1d), the bottom microphone is translated horizontally relative to the 

top microphone. The time delays relative to the direct wave at the bottom microphone become 
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Letting               ,               ,          
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 , the transfer function becomes 
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As with the previous generalizations, the elevation angle and reflection coefficient are 

determined by a grid fit of equation 9 to the measured transfer function. 

3. Methods 

3.1 Procedures for Obtaining Base Ground Parameters 

The American National Standards Institute (ANSI) standard procedure was followed to deduce a 

baseline parameter set (figure 2) (3). These ground impedance parameter estimates were made 

using two Brüel and Kjær (B&K) type 4192 ½-in pressure-field microphones calibrated using a 

B&K Acoustic Variable Calibrator, type 4226. The source used for the ANSI procedures was a 

JBL model 2446H pressure driver coupled to a 1-m-long pipe with a 3.175 cm inner diameter. 

This source can be approximated as a point source to a frequency of approximately 2.7 kHz (3). 

An Agilent Technologies 35670A dynamic signal analyzer was used to generate a 250 Hz to  

2.5 kHz swept sine signal and to record the magnitude response of each microphone. Wind 

speeds and directions were monitored with an Airmar LB150 ultrasonic anemometer at a height 
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of approximately 1.2 m, located roughly 25 m from the test area. The average wind speed 

throughout the day was 1.7 m/s with a standard deviation of 0.58 m/s. 

 

Figure 2.  ANSI standard setup, “geometry B,” on a grass field. 

The ANSI standard prescribes the use of two geometries, A and B, to measure level differences 

over ground surfaces. Geometry-A consisted of two vertically spaced microphones at heights of 

46.0 and 23.0 cm. The source was at a height of 32.5 cm and 1.75 m away from the 

microphones.
 
Geometry-B had a source-microphone separation of 1 m with a source height of  

20 cm and microphone heights of 20 and 5 cm (3). 

Following the ANSI procedures to deduce ground parameter information necessitates fitting a 

calculated level difference to the difference in sound pressure level between the two 

measurement microphones. The level difference is calculated after assuming harmonic time 

dependence and noting that the pressure at each microphone is given by  

 

       r

r

d

d

ikR
R

fQikR
R

fp exp
1

,exp
1



. (10) 

In equation 10, Rd is the direct path length from the source to the microphone, Rr is the reflected 

path length, f is the frequency, k is the wave number, and Q is the spherical wave reflection 

coefficient (5) that depends upon frequency and the admittance, β, of the ground. The admittance 

is the inverse of the specific acoustic impedance of the ground. For the presentation here, the 

impedance was calculated with 
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where γ is the ratio of specific heats in air, ρ0 is the density of air, c0 is the speed of sound, σe is 

the effective flow resistivity of the ground, and αe is the rate of change of porosity with depth. Fit 

parameters are the flow resistivity and the rate of change of porosity. A Levenberg-Marquardt 

scheme was used to determine σe and αe by fitting calculated level differences to the measured 

level differences (6, 7). 

3.2 Transfer Function Measurement Procedures 

To investigate the validity of the transfer functions derived in section 2, the following procedures 

were used. A JBL EON15G2 speaker was used as the noise source and was placed on a tower at 

heights of approximately 1.83, 3.66, 5.49, 7.32, and 9.14 m. These heights are referred to as  

level 1, level 2, level 3, level 4, and level 5, respectively. The Agilent 35670A was used to 

generate band-limited random noise from 50–1650 Hz and to record average spectra (30 

averages) from two ½-in B&K 4192 microphones. The grass at the test area was approximately 

7–10 cm in length (see figure 2). The ground was saturated with water; pools of standing water 

were adjacent to the test site. 

Figure 3 shows sketches of the experimental configurations used during the test. The two 

microphones, upper and lower, with open-cell foam windscreens, were placed approximately  

30 m from the tower. The microphones were placed in four configurations: Williams, 

Generalization 1, Generalization 2, and Generalization 3. The Williams configuration had two 

vertically spaced microphones; the upper microphone at a height of 25 cm and the lower 

microphone placed on the ground. Generalization 1 had the upper microphone 25 cm above the 

ground and the lower microphone on the ground but translated 25 cm toward the sound source. 

Generalization 2 had the microphones vertically aligned with the upper microphone at a height of 

50 cm and the lower microphone at a height of 25 cm. In the last configuration, Generalization 3, 

the upper microphone was at a height of 50 cm and the lower microphone was at a height of  

25 cm and translated 25 cm toward the source. The test was repeated at each source height with 

the microphones in each of the four configurations, which yielded a total of 20 elevation angle 

estimates.  
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Figure 3.  A diagram showing the placement of each configuration in relation to the noise source. 

Configurations shown are Williams (a), Generalization 1 (b), Generalization 2 (c), and 

Generalization 3 (d). 

4. Results and Analysis  

Figures 4a and b show the measured and the fit level differences for the ANSI Geometries-A and 

-B, respectively. In each plot, error bars show ± one standard deviation at approximate third-

octave frequencies. The insets in each plot show σe, αe, and the cumulative error between the fit 

and the measurement for Geometry-A and -B. The parameter values obtained using the ANSI 

methods are consistent with previous measurements at the test range (6, 8) and are indicative of 

grassland (5). 
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Figure 4.  ANSI Geometries-A and -B plots with error bars at approximate third-octave frequencies. Measured 

transfer function in blue and fit transfer function in red. 

Figure 5 shows plots from each of the four microphone configurations at an elevation angle of 

17.55° (level 5); the measured transfer function is in blue and the fit transfer function is in red. In 

each inset the estimated angle, reflection coefficient and the error are shown. Another inset in 

each plot shows the microphone configuration with an arrow pointing in the direction of the 

source. The calculated transfer functions tend to follow the broad features in the measured 

transfer functions. The minimum at approximately 1 kHz in figures 5a and b appears to be 

skewed from the measured minimum, which may be due to the structure of the measured curve.  
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Figure 5.  Plots showing measured (blue) and fit (red) transfer functions for microphone configurations 

Williams (a), Generalization 1 (b), Generalization 2 (c), and Generalization 3 (d) at a  

17.55° elevation angle. 

Tables 1 through 3 show the elevation angle estimates, reflection coefficients, and the 

cumulative fit errors, respectively, for each of the microphone configurations and for each source 

height. In table 1, angles estimated using Generalization 2 and 3 show significant errors at low 

source angles. However, at higher angles the estimates become comparable to those obtained 

from the Williams and Generalization 1 configurations. Williams and Generalization 1, which 

each have a ground microphone, tend to yield better angle estimates for all five angles. The 

reflection coefficients in table 2 are considered effective, because they were taken to be constant 

for all frequencies (see section 2). For Williams and Generalization 1 the effective reflection 

coefficients remain relatively constant for all angles, while the effective reflection coefficients 

obtained using Generalizations 2 and 3 tend to increase with increasing elevation angle. The 

cumulative fit errors (table 3) tend to increase with the source angle and the complexity of the 

microphone geometry.  
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Table 1. Elevation angle estimates and the true angle for each configuration at  

each source level. 

Level 
Geometry 

1 2 3 4 5 

True Angle 4.06° 7.53° 10.96° 14.31° 17.55° 

Williams 5.4° 7.3° 9.35° 18.85° 19.85° 

Generalization 1 4.25° 8.05° 9° 18° 19.85° 

Generalization 2 12.35° 13.2° 14.8° 17.7° 20.15° 

Generalization 3 11.75° 12.7° 15.2° 17.1° 19.6° 

Table 2. Reflection coefficients for each configuration.  

Level 
Geometry 1 2 3 4 5 

Williams 0.85 0.80 0.75 1.0 0.90 

Generalization 1 0.85 0.80 0.80 0.80 0.80 

Generalization 2 0.30 0.30 0.40 0.50 0.60 

Generalization 3 0.35 0.35 0.40 0.50 0.60 

Table 3. Cumulative fit errors between measured and calculated transfer functions. 

Level 
Geometry 1 2 3 4 5 

Williams 8.1 10.2 11.7 15.6 8.6 

Generalization 1 9.3 11.2 10.7 18.2 12.1 

Generalization 2 12.2 20.1 42.6 149.0 188.4 

Generalization 3 11.1 16.2 39.2 66.1 131.1 

 

Figure 6 shows the magnitude of the plane-wave reflection coefficient for each source height 

used here. The ground impedance was calculated using the base ground impedance parameters 

obtained from the procedures in section 3.1 in the two-parameter ground impedance model used 

in the ANSI standard, equation 11 (3). The curves in figure 6 show that, over the frequency range 

of interest, the plane-wave reflection coefficient varies significantly. The implication is that the 

effective coefficient obtained by holding R constant over all frequencies is overly simplified and, 

thus, tends to add error to the estimated elevation angle, which reinforces observations made in 

references 1 and 2. This error is apparent in the estimated angles shown in table 1; at angles 
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where the estimates are closest to the true angles, level 5, the reflection coefficient in figure 6 has 

the least overall variation. 

 

Figure 6. Magnitude of the plane wave reflection coefficient calculated using parameters  

obtained by ANSI Geometry-A for each source height. 

The trends shown between the various angles and geometries imply that the assumptions used in 

deriving the transfer functions for increasingly complex microphone geometries break down 

once both microphones are elevated. Specifically, the assumption of a real reflection coefficient 

constant in frequency is over simplified. Further, at the source distance used in these experiments 

the plane wave reflection coefficient may not sufficiently capture the behavior of the reflected 

acoustic wave. For three-dimensional (3-D) arrays with ground-based microphones, the results 

reported here show that this type of processing will yield acceptable elevation angles, which is 

consistent with the results reported by Williams et al. (2). 

5. Concluding Remarks 

Acoustic transfer functions measured over grass at a U.S. Army test facility have demonstrated 

that the elevation angle of a nearby acoustic source can be successfully estimated using 

microphones separated in two dimensions. However, the elevation angles estimated using raised 

microphones become more correct as the source angle increases, implying that the assumptions 

used to calculate the transfer function are overly simplified. 
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Appendix. Transfer Functions 

Shown in this appendix are plots (figures A-1 through A-4) of the remaining measured and fit 

transfer functions for each of the geometries not shown in section 4. In all plots, the Williams 

configuration is shown in (a), Generalization 1 in (b), Generalization 2 in (c), and Generalization 

3 in (d). For all plots the measured transfer function is in blue and the fit transfer function is in 

red.  

 

Figure A-1. Measured (blue) and fit (red) transfer functions for elevation angle of 4.06°,  

level 1. The Williams configuration is shown in (a), Generalization 1 in (b), 

Generalization 2 in (c), and Generalization 3 in (d). 
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Figure A-2. Measured and fit transfer functions for an elevation angle of 7.53°, level 2.  

Color and letter designations are the same as in figure A-1. 

 

Figure A-3. Measured and fit transfer function for an elevation angle of 10.96°, level 3.  

Color and letter designations are the same as in figure A-1. 
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Figure A-4. Measured and fit transfer functions for an elevation angle of 14.31°, level 4.  

Color and letter designations are the same as in figure A-1. 
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